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Important notice

◼ It is absolutely necessary to do intensive preparation for the lectures. This includes

◼ intensive post preparation of the lectures

◼ reading graph theory textbooks (yes, better more than one!)

◼ it is under no circumstances sufficient to take the slides as the only source for preparation

◼ Suggested literature

◼ V. Turau, “Algorithmische Graphentheorie”, Oldenbourg Verlag

◼ R. Diestel, “Graphentheorie”, Springer Verlag

◼ S.O. Krumke, H. Noltemeier, “Graphentheoretische Konzepte und Algorithmen”, Teubner Verlag

◼ K. Ruohonen, “Graph Theory”,
◀ | ▶
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Definition graph

Given a finite set of vertices 

V := {1, 2, ... n}

and a set of edges 

E ⊂ V ×V

We call the pair (V , E) a graph.

Example

Let V  and E be given as

V := {1, 2, 3, 4}
E := {{1, 2}, {1, 3}, {2, 3}, {3, 4}}

Then the pair G = (V , E) is a graph. This graph has a graphical (sic!) representation as follows

Out[*]=

We used here the ability of Mathematica to directly display a Graph-object. If one wants to use more 
sophisticated plotting of graphs the function GraphPlot can be used:

Out[*]=

One advantage in doing so is that one can modify the output to put the graph in the desired shape. 

Usually one inputs a graph as a list of rules :
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Out[*]=

◀ | ▶

4     graph theory.nb



Slide 4 of 63
Directed and Undirected Graphs

If in the set V  there is made no distinction between the edge (u, v) and (v, u) the graph is called 
undirected. If there has to be a distinction between these edges the graph is called directed. 
An application of this distinction could be if one would like to make a model of a street map and 
one has to distinguish between normal (two way) streets and streets which are one-way-streets. 

◼ without taking in consideration the ordering of the pairs in E = V ×V  we get an undirected graph:

Out[*]=

◼ when we consider also the ordering of the pairs we get a graph with directed edges, indicated in 
the graph with an arrow.

Out[*]=

◼ From now on this notebook follows the convention on drawing graphs in a “quasi standard” way:
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Out[*]=

◀ | ▶
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Complete Graphs

A graph with a set of vertices V = {1, 2, ... , n} is called complete, if the set of edges consists of all 
tuples (u, v) of vertices u, v ∈ V , i.e E = V ×V . Here we look at the complete graph of order four. 

Out[*]=

2

1

3

4

Mathematica provides complete graphs of order n as a build-in “feature”. Here are the complete 
graphs of order 3 to 8

Out[*]=

Notice: The complete graph of order four in this representation looks different than in the 
former representation on this slide. In fact the two graphs are identical. 
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Cycle Graphs and Wheel Graphs

Another important type of graphs are the circular graphs, so called cycle graphs:

Out[*]=

Exercise: Define a cycle graph without drawing a picture!
◀ | ▶
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Very similar are the wheel graphs, in fact a cycle graph with a center:

Out[*]=

◀ | ▶
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Number of edges of a complete graph

Clearly the number of edges e in a complete graph can be calculated as (make yourself clear why?)

e =
n
2

This can easily verified with help of the build in function EdgeCount which gives the number of 
edges in a graph

In[*]:= Range[2, 10]

Out[*]= {2, 3, 4, 5, 6, 7, 8, 9, 10}

In[*]:= EdgeCount /@ (CompleteGraph /@ Range[3, 10])

Out[*]= {3, 6, 10, 15, 21, 28, 36, 45}

and

In[*]:= Table[Binomial[n, 2], {n, 3, 10}]

Out[*]= {3, 6, 10, 15, 21, 28, 36, 45}

or, more clearly:

In[*]:= EdgeCount /@ (CompleteGraph /@ Range[3, 10]) == Table[Binomial[n, 2], {n, 3, 10}]

Out[*]= True

Since Mathematica can handle symbolic calculation one can easily “prove” this statement. 

In[*]:= EdgeCount[CompleteGraph[n]] ⩵ Binomial[n, 2]

Out[*]= True

If we want to calculate the number of edges in a complete graph, we get

In[*]:= EdgeCount[CompleteGraph[n]]

Out[*]=
1

2
(-1 + n) n

Which has (off course) the same value as the binomial. 

Remark

It is dangerous to conclude from a few examples to the truth of the all possibilities

graph theory.nb     11



◀ | ▶
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For a given graph G = (V , E) the complement of G, denoted by G is the graph

G := V , E and E := V ×V ∖ E

In other words, the complement of a graph G is the graph which has all vertices connected which 
are not connected in G

Example

Consider the following graph

Out[*]=

then

Out[*]=

◼ The complement of a graph G with k edges has the same number of vertices as the original graph 

and 
n
2

- k edges. 

◀ | ▶
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Example

We consider constructing a graph from data of our students. The data is stored in an Excel-sheet:

In[*]:= data = With[{file = SystemDialogInput["FileOpen"]},
Import[file, "XLSX"]];

So we see that the data is imported as a list of lists. Here we only have one element in this list, 
because the Excel-file contains only one table. So we simplify the result by removing one level and 
dropping the header line

In[*]:= data = First @ data;
data = Rest @ data;
Short[data, 3]

We build a graph from the name and the gender of the person, so we take only this two “columns” 
of the data

In[*]:= temp = data[[All, 1 ;; 2]]

Just to make the names fit in the vertices of the graph we only take the first three letters of the 
name

In[*]:= temp = DeleteCases[temp, {"", _}]

In[*]:= temp = temp /. {x_, y_} ⧴ {StringTake[x, 3], y}

In[*]:= Length@temp

Out[*]= 26

Now, building the graph and have an example of a graph which is not “connected” (we will define 
this property soon more precisely)

In[*]:= genderGraph = Rule @@@ temp;
Graph[genderGraph, VertexLabels → Placed["Name", Center], VertexSize → 0.5,
GraphStyle → "SmallNetwork",
ImageSize → Large,
GraphLayout → "SpringElectricalEmbedding"]

Out[*]=

Bra

m

Böh

Eckw

Fei

Ger

Gha

Hei

Hof

Huh

Jus

Kri

Mat

Mey

Ock

Pet

Puz

ReuR6h

Sch

Tri

Zim
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A sub graph of a given graph  G = (V , E) is a graph G1 = (V1, E1) for which the set of vertices V1 con-
sists of a subset of V , i.e. V1 ⊂ V  and for E1 holds 

E1 = {(u, v) ∈ E u, v ∈ V1}

Example

Consider the following graph 

Out[*]=

Then we have a sub graph as follows (here with red edges)

Out[*]=

◀ | ▶
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Induced sub - graphs

A sub graph S = (V1, E1) of a graph G = (V , E) is called induced, iff: S has all edges which belong to G 
in the graph V . The highlighted graph S (colored in red) in this example is not an induced sub graph 
(but a sub graph!), because there exists one edge in E which does not belong to S (the edge 1 → 4, 
here in green): 

Out[*]=

One can precisely define this condition as:

E1 ⊂ e ∈ E e = vi, v j, vi, v j, ∈ V1

◀ | ▶

graph theory.nb     17



Slide 13 of 63 Planar Graphs
A graph which can be drawn in the plane such that edges only intersect in vertices is called a planar 
graph. The complete graphs of order 1 to 4 are planar, the complete graph of order 5 is not planar

Out[*]=

There is a bunch of different methods that can be used to layout a graph: 

Out[*]=

Method SpringElectricalEmbedding

◼ Notice (again) that all these are representations of the same graph:
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Out[*]=

Note: cycle graphs and wheel graphs are planar graphs

◀ | ▶
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Example

We consider a graph representing the GCD-property of two Integers. We therefore first set up the 
data, all tuples in the range 2, ..., 12

In[*]:= Clear [grv]; grv = (Flatten[Table[{i, j}, {i, 2, 12}, {j, 2, i}], 1])

Out[*]= {{2, 2}, {3, 2}, {3, 3}, {4, 2}, {4, 3}, {4, 4}, {5, 2}, {5, 3}, {5, 4}, {5, 5}, {6, 2},
{6, 3}, {6, 4}, {6, 5}, {6, 6}, {7, 2}, {7, 3}, {7, 4}, {7, 5}, {7, 6}, {7, 7},
{8, 2}, {8, 3}, {8, 4}, {8, 5}, {8, 6}, {8, 7}, {8, 8}, {9, 2}, {9, 3}, {9, 4},
{9, 5}, {9, 6}, {9, 7}, {9, 8}, {9, 9}, {10, 2}, {10, 3}, {10, 4}, {10, 5},
{10, 6}, {10, 7}, {10, 8}, {10, 9}, {10, 10}, {11, 2}, {11, 3}, {11, 4}, {11, 5},
{11, 6}, {11, 7}, {11, 8}, {11, 9}, {11, 10}, {11, 11}, {12, 2}, {12, 3}, {12, 4},
{12, 5}, {12, 6}, {12, 7}, {12, 8}, {12, 9}, {12, 10}, {12, 11}, {12, 12}}

Now we drop each pair of numbers for which the GCD is greater than 1

In[*]:= grv = grv /. {x_, y_} ⧴ Nothing /; (GCD[x, y] > 1 || x == y)

Out[*]= {{3, 2}, {4, 3}, {5, 2}, {5, 3}, {5, 4}, {6, 5}, {7, 2}, {7, 3}, {7, 4},
{7, 5}, {7, 6}, {8, 3}, {8, 5}, {8, 7}, {9, 2}, {9, 4}, {9, 5}, {9, 7},
{9, 8}, {10, 3}, {10, 7}, {10, 9}, {11, 2}, {11, 3}, {11, 4}, {11, 5},
{11, 6}, {11, 7}, {11, 8}, {11, 9}, {11, 10}, {12, 5}, {12, 7}, {12, 11}}

In[*]:= grv = UndirectedEdge @@@  grv;

In[*]:= Graph[grv, GraphLayout → "SpringElectricalEmbedding", VertexSize → Medium,
VertexLabels → Placed["Name", Center], ImageSize → Large]

Out[*]=

In this graph an edge is drawn whenever the GCD of the corresponding vertices is one, i.e. there is 
no common divisor (clearly except the divisor one...).
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In this graph an edge is drawn whenever the GCD of the corresponding vertices is one, i.e. there is 
no common divisor (clearly except the divisor one...).

This graph contains a complete graph of order four, which in this case is due to the fact that the 
numbers 1, 2, 3, 5 are pairwise divisor-free

In[*]:= Graph[grv, VertexSize → Medium, VertexLabels → Placed["Name", Center],
VertexLabelStyle → Directive[Larger, Bold],
VertexStyle → LightBlue ,
GraphHighlight → {1 → 2, 2 → 3, 3 → 5, 5 → 1, 1 → 3, 2 → 5}]

Out[*]= Graph[{3 ) 2, 4 ) 3, 5 ) 2, 5 ) 3, 5 ) 4, 6 ) 5, 7 ) 2,
7 ) 3, 7 ) 4, 7 ) 5, 7 ) 6, 8 ) 3, 8 ) 5, 8 ) 7, 9 ) 2, 9 ) 4, 9 ) 5,
9 ) 7, 9 ) 8, 10 ) 3, 10 ) 7, 10 ) 9, 11 ) 2, 11 ) 3, 11 ) 4, 11 ) 5,
11 ) 6, 11 ) 7, 11 ) 8, 11 ) 9, 11 ) 10, 12 ) 5, 12 ) 7, 12 ) 11},

VertexSize → Medium, VertexLabels → Placed[Name, Center],
VertexLabelStyle → Directive[Larger, Bold], VertexStyle → ,
GraphHighlight → {1 → 2, 2 → 3, 3 → 5, 5 → 1, 1 → 3, 2 → 5}]

◀ | ▶
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Example : Constructing Graphs from given data

Given a set of objects and properties between these objects one can represent the resulting struc-
ture as a graph.

◼ Consider all 2-tuples of the Range 1, ..., 5 i.e. the set {(1, 1), (1, 2), ... (5, 5)} as (possible vertices)

◼ note: we consider the pair (x, y) as the set {1, 2}

◼ Let an edge exists between two vertices {a, b} and {u, v}, iff {a, b} ⋂ {u, v} = {}

So we first construct to 25 possible nodes

In[*]:= nodes = Tuples[Range[5], 2]

Out[*]= {{1, 1}, {1, 2}, {1, 3}, {1, 4}, {1, 5}, {2, 1}, {2, 2}, {2, 3},
{2, 4}, {2, 5}, {3, 1}, {3, 2}, {3, 3}, {3, 4}, {3, 5}, {4, 1},
{4, 2}, {4, 3}, {4, 4}, {4, 5}, {5, 1}, {5, 2}, {5, 3}, {5, 4}, {5, 5}}

In[*]:= Length@nodes

Out[*]= 25

Since we do not want to consider self-loops we extract all vertices of the form (x, x) from the list of 
nodes

In[*]:= nodes = DeleteCases[nodes, {x_, x_}]

Out[*]= {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {2, 1}, {2, 3}, {2, 4}, {2, 5}, {3, 1}, {3, 2},
{3, 4}, {3, 5}, {4, 1}, {4, 2}, {4, 3}, {4, 5}, {5, 1}, {5, 2}, {5, 3}, {5, 4}}

In[*]:= Length@nodes

Out[*]= 20

◀ | ▶
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Now for the construction of the edges:

◼ Building all possible pairs of vertices 

◼ selecting those pairs which satisfy the condition {a, b} ⋂ {u, v} = {}

In[*]:= possibleEdges = Tuples[nodes, 2];
Length @ possibleEdges

Out[*]= 400

In[*]:= edges = Select[possibleEdges, #[[1]] ⋂ #[[2]] ⩵ {} &];
Length@edges

Out[*]= 120

The resulting graph is (at the moment) not the desired result, there are lots of duplicate edges, due 
to the fact that the tuple {a, b} is an (ordered) pair and not a set

Out[*]=

{1, 2}

{3, 4}

{3, 5}

{4, 3}

{4, 5}

{5, 3}

{5, 4}

{1, 3}

{2, 4}

{2, 5}

{4, 2}

{5, 2}

{1, 4}

{2, 3}

{3, 2}
{1, 5}

{2, 1}

{4, 1}

{5, 1}

{3, 1}

To construct the graph without duplicate edges we have to treat the pairs as sets, then we will get 
10 vertices

In[*]:= nodes = Union@(Sort /@ nodes)

Out[*]= {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4}, {2, 5}, {3, 4}, {3, 5}, {4, 5}}

Then
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Out[*]=

{1, 2}

{3, 4}

{3, 5}

{4, 5}

{1, 3}

{2, 4}

{2, 5}

{1, 4}

{2, 3}

{1, 5}

◀ | ▶
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Vertex Degrees (Valences)

The number of edges incident to a vertex v is called the vertex degree of the vertex. For directed 
graphs there is a distinction of an in-degree and an out-degree, which count the number of edges 
directed inward or outward for each vertex.

Example

For the (undirected) graph:

In[*]:= g = {1 2 2, 2 2 4, 2 2 3, 3 2 4, 4 2 1};
Graph[g, VertexSize → Medium, VertexLabels → Placed["Name", Center]]

Out[*]=

we get (be careful about the ordering of the lists!)

In[*]:= Row[{VertexList@g, " / ", VertexDegree@g}]

Out[*]= {1, 2, 4, 3} / {2, 3, 3, 2}

Now looking at a  directed graph:

Out[*]=

1

2

3 4

We get the corresponding lists of vertex degrees with:

In[*]:= VertexList@g

Out[*]= {1, 2, 3, 4}

In[*]:= Through[{VertexInDegree, VertexOutDegree} [g]]

Out[*]= {{0, 1, 2, 1}, {2, 1, 1, 0}}

The vertex degree is useful when one wants to visualize vertices which have a lot of neighbors or to 
make clear where are “central” nodes located. Given the following graph
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Out[*]=

we plot the graph with highlighted vertex degrees and so make visually clear where are the vertices 
with most edges are located

In[*]:= vd = VertexDegree[grv];
highlighVertexDegree[grv, vd, VertexSize → Large]

Out[*]=

Application: Line Drawing

An application of the vertex degrees is, that with the help of this numbers one can decide whether a 
graph can be drawn in one line, and passing each edge exactly once. 

26     graph theory.nb



◀ | ▶

graph theory.nb     27



Slide 18 of 63
The Handshake Lemma

For every graph g = (V , E) with  V = {v1, v2, ... vn} the following equation holds:


i=1

n

deg(vi) = 25E6

◼ Make yourself clear: 

◼ Why does this equation hold?

◼ Where does the name (handshake lemma) come from?

Degree-Sequences

The ordered sequence of vertex degrees of an undirected graph g is called the degree sequence of g

Out[*]=

Graph Degree-Sequence

{9, 9, 8, 7, 7, 5, 5, 5, 4, 3}

Note

◼ Not for every sequence there exists a corresponding graph which has this degree sequence

◼ Not for every (properly ordered) sequence exists a graph at all

◼ The mapping which maps a graph g to a degree sequence is not bijective
◀ | ▶
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Restoring a graph from a Degree-Sequence

Given a degree-sequence (not necessarily from a graph) the following algorithm allows the construc-
tion of (one) corresponding graph if such a graph exists. If such a graph does not exist the algorithm 
will terminate

Algorithm

Given a sequence D := (d1 d2, ... dn), n > 1 for which d1 ≥ d2 ≥ ... ≥ dn holds. Then the following 
holds:

◼ D is a degree sequence of a graph g iff

◼ d1 + 1 ≤ n and

◼ D´ := (d´2, ... d´n)  is a degree sequence of a graph, there the d´i  are defined as follows

d´i :=
di - 1 i = 2, 3, ... d1 - 1
di else

This algorithm allows us to construct a graph from a degree sequence if such a graph exists.
◀ | ▶
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Given two graphs there is a chance that two graphs are identical but sometimes this could not be 
seen at a first glance

Example

We look at the (classical) Peterson-Graph and an isomorphic graph

Out[*]=

These graphs are indeed the same, or, in other words, are different representations of one and the 
same graph

In[*]:= IsomorphicGraphQ[g, h]

Out[*]= True

◀ | ▶
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To make this more clear we need the concept of isomorphic graphs. Therefore we first define a 
three basic properties of mappings:

◼ f  is called surjective, iff ∀
b ∈B

∃
a∈A

f (a) = b

◼ f  is called injective, iff f (x) = f (y) ⇒ x = y, holds for all x, y ∈ A

◼ f  is called bijective, iff f  is injective and surjective.

 Then we can make the following definition

Two graphs are isomorphic if they contain the same vertices and these vertices are connected in 
the same way. Given g = (V , E) and h = V´, E´ then g and h are isomorphic iff, there is a bijection

f : V → V´
v ↦ f (v)

such that if (v1, v2) is an edge in V  then (f (v1), f (v2)) is an edge in V´

The problem of determining whether two graphs G and H are isomorphic seems to be neither in NP 
nor in P. This problem therefore is called graph isomorphic complete.

In our example we can find an isomorphism with the help of Mathematica:

In[*]:= FindGraphIsomorphism[g, h]

Out[*]= {-1 → 6, 2 → 2, 3 → 10, 4 → 7, 5 → 5, 6 → 1, 7 → 4, 8 → 9, 9 → 8, 10 → 3.}

If there is an isomorphism between two graphs G and H then:

◼ Is this the only one?

◼ If not, how many isomorphisms are there?
◀ | ▶
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r-partite and Bipartite Graphs

◼ A graph G = (V , E) is called r-partite, iff there exists a partition ? of V  in r parts such that every 
vertex of an edge e ∈ E of G belongs to different sets of the partition ?. 

◼ If a graph is 2-partite it is also called bipartite

Example

Out[*]=

◼ There is an important application of bipartite graphs. One can use such graphs to model (and 
solve) assignment problems, e.g.. 

◼ workers to machines

◼ employees to “holiday slots”

◼ men to women, which leads to the “problem of stable marriage”, which will be covered later
◀ | ▶
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Colorings

When we look at a bipartite graph, this graph has the property that two colors are sufficient to give 
each vertex a color and no two vertices in the result have the same color. 

Out[*]=

There are graphs that do not have this property. We can check this with the appropriate function

In[*]:= BipartiteGraphQ[g]

Out[*]= True

3

In[*]:= PetersenGraph[5, 2]

Out[*]=

In[*]:= BipartiteGraphQ[PetersenGraph[5, 2]]

Out[*]= False

A simple example of a graph that does not have a n-coloring is the wheel graph of order n + 1.
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Cliques

In the example above we saw that a graph can contain a complete sub graph (which is quite obvi-
ous). Often such sub graphs are connected to special meanings they bear. In the mentioned exam-
ple all the numbers forming the vertices of the (complete) sub graph are divisor free. 
So this is motivation for the following definition

A complete sub graph of a graph g is called a clique. We can find a clique in a graph in Mathematica 
with the build-in command FindClique, which gives the vertices of the graph g. FindClique finds the 
larges complete sub graph in a graph g, i.e. the clique with the largest number of vertices.

In[*]:= clique = FindClique[grv]

Out[*]= {{3, 2, 5, 7, 11}}

So we can easily detect the (largest) clique in our example graph:

Out[*]=

The clique number of a graph g is denoted be ω(g) and defined as number of vertices in a maximum 
clique of g. So since the Mathematica function FindClique finds by default the (a) maximum clique 
in a graph we can determine the number ω(g) simply by

In[*]:= Length[First @ FindClique[grv]]

Out[*]= 5

A larger example can easily be made :
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◀ | ▶
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A walk in a graph g = (V , E) is an alternating sequence of vertices and edges 
v1, e1, v2, e2, ... en, vn+1 which begins and ends with vertices and for which it holds that 
(vν, vν+1) ∈ E. 

A path in a graph g is a walk with pairwise distinct vertices.If v1 = vn holds the path is called a closed 
path or a cycle. A path which visits each vertex exactly one time is called a Hamiltonian path and if 
the such a path is closed, it is called a Hamiltonian cycle.

Example 

Every postman tries to find a Hamiltonian cycle on his way through the city - but I guess only few of 
them are aware of this ;-)

Example 

Consider the following graph

In[*]:= Clear[grv];
grv = (Flatten[Table[i 4 j, {i, 10}, {j, i}], 1]);
grv = grv /. x_ 4 y_ :> Nothing /; (GCD[x, y] > 1 || x == y) ;

So this graph consists of all vertices as numbers from 1 to 10 and a directed edge is drawn from u to 
v, iff GCD(u, v) = 1. If there is a path from u to v this means that one can reach v from u with passing 
only divider-free numbers.
firs we look at the graph: 

Out[*]=

Now determining a path from 9 to 3
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In[*]:= Clear[path];
path = First @ FindPath[grv, 9, 3]

Out[*]= {9, 4, 3}

In[*]:= FindPath[grv, 9, 3, ∞, All] // Length

Out[*]= 18

The result is a list of paths from source to target, we here only take the first element in that list, and 
in this case only, one, the first. Now we construct first a path from this vertices and then the list of 
edges, so that we finally can highlight the found path from source to target

Out[*]=

◀ | ▶
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We can do this a bit more comfortable:

Out[*]=

start 10 9 8 7 6 5 4 3 2

end 2 3 4 5 6 7 8

◀ | ▶
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Example

The dodecahedron skeleton

We consider the graph of the edges of a dodecahedron:

In[*]:= PolyhedronData["Dodecahedron"]

Out[*]=

and we take a look at the graph of its edges (the so called skeleton graph)
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In[*]:= Clear[dodecahedron];
dodecahedron = PolyhedronData["Dodecahedron", "Skeleton"]

Out[*]=

This graph has a Hamiltonian cycle (in fact there are 30 Hamiltonian cycles in this graph)

In[*]:= Clear[hcycle]; hcycle = First @ FindHamiltonianCycle[dodecahedron]

Out[*]= {1 ) 14, 14 ) 9, 9 ) 17, 17 ) 19, 19 ) 3, 3 ) 7, 7 ) 16, 16 ) 8, 8 ) 4, 4 ) 20,
20 ) 6, 6 ) 12, 12 ) 11, 11 ) 5, 5 ) 2, 2 ) 13, 13 ) 18, 18 ) 10, 10 ) 15, 15 ) 1}

So we found a Hamiltonian cycle, now we are able to visualize the path:

In[*]:= Animate[HighlightGraph[dodecahedron,
PathGraph[hcycle[[1 ;; n]]], GraphHighlightStyle → "Thick"],

{n, 0, Length[hcycle], 1}, AnimationRunning → False]

Out[*]= HighlightGraph[dodecahedron,
PathGraph[hcycle〚1 ;; 19〛], GraphHighlightStyle → Thick]

◀ | ▶
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The grid graph

Another common example are grid-graphs:

Out[180]=

We can easily find a path from 1 to say 39:

In[181]:= p = FindPath[g, 1, 39]

Out[181]= {{1, 2, 3, 4, 8, 7, 6, 5, 9, 10, 11, 12, 16, 15, 14, 13, 17, 18, 19, 20,
24, 23, 22, 21, 25, 26, 27, 28, 32, 31, 30, 29, 33, 34, 35, 36, 40, 39}}

Indeed there are a lot of paths starting at 1 leading to 39

In[*]:= Length @ FindPath[g, 1, 39, ∞, All]

Out[*]= 3 880765

usually such paths are far from being optimal (in the sense of how long the path is)

In[*]:= HighlightGraph[g, PathGraph[First[p]]]

Out[*]=

In[*]:= Length@First@p

Out[*]= 38

But there are ways to find “shortest paths” (we’ll cover this field later in more depth):

In[182]:= ps = FindShortestPath[g, 1, 39];

In[*]:= Length@ps

Out[*]= 12

Remark: Usually in a graph there is more than one “shortest path” from s to t.
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Remark: Usually in a graph there is more than one “shortest path” from s to t.

The path found with the algorithm Mathematica used is optimal in the sense of length (number of 
edges passed)

In[*]:= HighlightGraph[g, PathGraph[ps]]

Out[*]=

We can also determine a Hamiltonian cycle in this graph (the so called “postman path”):

Out[184]=

n

There are numerous Hamiltonian cycles for this graph. Indeed here we have 1517 such cycles

In[*]:= Length@FindHamiltonianCycle[g, All]

Out[*]= 1517

◀ | ▶
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Connected Graphs

With the concept of paths in graphs we now can give precise definition for “connectedness” for 
graphs. An undirected graph G = (V , E) is called weakly connected iff for all u, v ∈ V  there is a path 
in G from u to v. In other words in a connected graph there are no unreachable vertices. For a 
directed graph the corresponding property is called strongly connected, iff the condition holds for 
the directed paths in G
The formerly calculated genderGraph is an example of a not connected graph. We can calculate the 
weakly connected components as follows:

In[*]:= wcc = WeaklyConnectedComponents@genderGraph

Out[*]= {{Bra, m, Böh, Eck, w, Fei, Ger, Gha, Hei, Hof, Huh,
Jus, Kri, Mat, Mey, Ock, Pet, Puz, Reu, R6h, Sch, Tri, Zim}}

From this we can calculate the number of students with gender male (or female).... o.k. there are 
more easy ways to do so, just an example

In[*]:= male = Length @@  Pick[wcc, MemberQ[#, "m"] & /@ wcc]

Out[*]= 23

◀ | ▶
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Distances

Given two vertices u and v in a graph g the distance between this vertices is the length of the 
shortest path connecting u and v.

Example

◼ In the following graph the nodes 7 and 9 have distance two, the nodes 7 and 10 have distance 
three. 

◼ There are two paths from 7 to 10 with the minimal distance.

Out[*]=

The concept of a distance of vertices in a graph leads to the definition of a diameter of a graph:
◀ | ▶
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The Diameter of a Graph

The greatest distance of two vertices in a graph is called the graph diameter. 

Example

The following Graph has diameter 3

Out[*]=

That this graph has indeed a diameter of three, can be calculated as follows:

Get the vertices of the graph

In[*]:= p = PetersenGraph[7, 5]; v = VertexList@ PetersenGraph[7, 5]

Out[*]= {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14}

Next we form all Tuples of this vertices

In[*]:= pairs = Tuples[v, 2]; pairs // Short

Out[*]//Short= {{1, 1}, {1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}, 11842,
{14, 9}, {14, 10}, {14, 11}, {14, 12}, {14, 13}, {14, 14}}

In[*]:= Length@pairs

Out[*]= 196

In[*]:= (uniqueTuples@v) // Length

Out[*]= 1

Finally we calculate the maximum distance of all this pairs of vertices

In[*]:= Timing@(Max@(GraphDistance[p, #[[1]], #[[2]]] & /@ pairs))

Out[*]= {0.001578, 3}

However it is easier to use the build-in function of Mathematica 
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In[*]:= Timing@ GraphDiameter[PetersenGraph[7, 5]]

Out[*]= {0.0005, 3}

In[*]:= Remove[pairs, v, p] (* Clean up *)

◼ What is the diameter of a cycle graph and a wheel graph or order n?
◀ | ▶
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k-Cliques

When dealing with distances in networks and the concept of reachability within a certain distance 
the k-cliques are important. A k-clique of a graph g is the set of vertices of the graph g such that 
each vertex in the k-clique has distance at most k to each other. 

Example

We consider a so called Petersen graph

Out[*]=

Now we are looking for the 2-clique:
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Out[*]=

◀ | ▶
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By the way, t�his Petersen graph has  a total of fourteen 2-cliques:

In[*]:= clique = FindKClique[PetersenGraph[6, 2], 2, ∞, All];
out = HighlightGraph[g, Subgraph[g, #]] & /@ clique;
GraphicsGrid[Partition[out, 7]]

Out[*]=

The number

ξ(g) := min
k

{C1 ⊎ C2 ... ⊎ Ck = g5Cκ clique}

is called the clique decomposition number of g, which has interesting applications, as we will see in 
the next example

◀ | ▶
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Example Cliques

We consider as an example the problem of scheduling the stop-lights at a (given) crossing:

In[*]:= Show[crossing, ImageSize → Large]

Out[*]=

The problem is how to schedule the traffic in such a way that a maximum number of participants 
can pass the crossing without causing an accident. Therefore

◼ Let the Si be vertices in a graph G

◼ first, we draw an edge in G, iff Si and S j can pass the crossing, without causing an accident 

◼ then we determine the cliques in G

◼ at last we search for a covering of G with the found cliques
◀ | ▶
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In[*]:= crossingGraph = {

s1 2 s2, s1 2 s3, s1 2 s6, s1 2 s7,
s2 2 s5, s2 2 s6, s2 2 s8,
s3 2 s5, s3 2 s6, s3 2 s8,
s4 2 s5, s4 2 s6, s4 2 s8,
s5 2 s6, s5 2 s7,
s7 2 s8

};
g = Graph[crossingGraph, GraphLayout -> "CircularEmbedding",

VertexLabels → Placed["Name", Center], VertexSize → Medium]

Out[*]=

◀ | ▶
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First we check for cliques of order 3 to 5

In[*]:= cliques = FindClique[g, {3, 5}, All];

In[*]:= Length /@ cliques

Out[*]= {3, 3, 3, 3, 3}

So we have only cliques at a (maximum) number of vertices of three

In[*]:= HighlightGraph[g, Subgraph[g, #]] & /@ cliques

Out[*]=  , ,

, , 

◀ | ▶
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Now we have to check, whether the cliques cover the whole number of vertices:

In[*]:= Complement[VertexList@g, Union[Flatten @ cliques]]

Out[*]= {s7, s8}

This is not the case, so we can not cover the graph with cliques of order 3. We therefore need also 
some cliques of order two

In[*]:= cliques = FindClique[g, {2, 5}, All];

In[*]:= Length@cliques

Out[*]= 11

Now all the vertices are covered:

In[*]:= Complement[VertexList@g, Union[Flatten @ cliques]]

Out[*]= {}

Now let us check how we can cover the whole graph G with cliques. In a first attempt we take all 
possible 3-tuples from the set of cliques we calculated (there are 1331 such tuples)

In[*]:= tups = Tuples[cliques, 3]; Length@tups

Out[*]= 1331

Now we check of possible 3-tuples, but there are none! So we have a least four phases in the steer-
ing of our crossing

In[*]:= Select[tups, Complement[VertexList@g, Union[Flatten[#]]] ⩵ {} &]

Out[*]= {}

◀ | ▶
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So this has, by the way, the meaning, that the clique decomposition number of this graph is at least 
four and we have, indeed take four-tuples into account. There are 14 641 four-tuples from which we 
can choose our candidates

In[*]:= tups = Tuples[cliques, 4]; Length@tups

Out[*]= 14641

In[*]:= sols = Select[tups, Complement[VertexList@g, Union[Flatten[#]]] ⩵ {} &];
Length@sols

Out[*]= 576

Now we have 576 solutions to our problem. Let’s have a look at a few of them. We take a random 
sample from our solutions:

In[*]:= rs = RandomSample[sols, 5]

Out[*]= {{{s1, s3, s6}, {s7, s8}, {s1, s2, s6}, {s6, s5, s4}},
{{s2, s6, s5}, {s8, s4}, {s7, s8}, {s1, s3, s6}},
{{s1, s7}, {s2, s6, s5}, {s6, s5, s4}, {s3, s8}},
{{s7, s8}, {s3, s6, s5}, {s1, s2, s6}, {s8, s4}},
{{s7, s8}, {s1, s2, s6}, {s6, s5, s4}, {s1, s3, s6}}}

In[*]:= HighlightGraph[g, Subgraph[g, #]] & /@ rs

Out[*]= 
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Out[*]= 
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◀ | ▶
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This shows, that there are solutions incorporating more ore less cliques of order three. For passing 
a crossing we should prefer solutions that let pass as many traffic-streams as possible, so we search 
for such solutions.
A criterion for such solutions is the total number of elements such a solution has. Our random 
sample shows, that the solutions differ a lot on this criterion

In[*]:= Total /@ Map[Length, rs, {2}]

Out[*]= {10, 9, 10, 10, 10}

The maximum number of vertices contained in a solution is 11:

In[*]:= Total /@ Map[Length, sols, {2}] // Max

Out[*]= 11

So we choose all solutions which are maximal in this sense. The number of such solutions is 72:

In[*]:= Count[Total /@ Map[Length, sols, {2}], 11]

Out[*]= 72

In[*]:= maximalSolutions = Select[sols, Total[Length /@ #] ⩵ 11 &] ;

It is clear that all this solutions are build of three cliques of order three and one clique of order two, 
but it is also easy to show that each of this solutions has this structure, by simply calculating it:

In[*]:= With[{temp = Map[Length, maximalSolutions, {2}]},
Count[#, 2] & /@ temp (* Counting the number of lists with two elements *)

]

Out[*]= {1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,
1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,
1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}

In[*]:= With[{temp = Map[Length, maximalSolutions, {2}]},
And @@ ((# ⩵ 1) & /@ (Count[#, 2] & /@ temp))

]

Out[*]= True

◀ | ▶
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So, in this sense, the solutions are equivalent, and we can chose an arbitrary one from our solution 
set, which gives us the rules according to which we can handle the traffic lights. We take one of the 
solutions by random:

In[*]:= solution = RandomChoice[maximalSolutions]

Out[*]= {{s3, s6, s5}, {s7, s8}, {s1, s2, s6}, {s6, s5, s4}}

Finally: Show the result:

In[*]:= Animate[HighlightGraph[g, Subgraph[g, solution[[i]]]],
{i, 1, 4, 1}, DefaultDuration → 5]

Out[*]=

i

◀ | ▶
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Adjacency

The easiest way to store a graph in the memory of a  computer is to use a adjacency matrix. This 
matrix is defined as follows.

Given a graph g with n vertices V = {v1, v2, ... vn} and a set of edges E ⊂ V x V , then the matrix with 
elements ai, j defined as

ai, j :=
1 vi, v j ∈ E
0 otherwise

is called the adjacency matrix of g

Example (adjacency)

Consider the Petersen graph

Out[*]=

For this graph we get the adjacency matrix as follows
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In[*]:= AdjacencyMatrix[g] // MatrixForm
Out[*]//MatrixForm=

0 0 1 1 0 1 0 0 0 0
0 0 0 1 1 0 1 0 0 0
1 0 0 0 1 0 0 1 0 0
1 1 0 0 0 0 0 0 1 0
0 1 1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0 0 1
0 1 0 0 0 1 0 1 0 0
0 0 1 0 0 0 1 0 1 0
0 0 0 1 0 0 0 1 0 1
0 0 0 0 1 1 0 0 1 0

The adjacency matrix stores the graph from the viewpoint of vertices, but one can also store 
graphs from the viewpoint of edges. 

◀ | ▶
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Incidency

The other way to store such a graph is to record whether a vertex is incident to an edge (roughly 
speaking whether it lies on that edge). 

Given a graph g with n vertices V = {v1, v2, ... vn} and a set of edges E ⊂ V x V , and E = {e1, ..., em} 
then the matrix with elements ai, j defined as

ai, j :=
1 vi belongs to e j

0 otherwise

is called incidence matrix of g. Note that the incidence matrix of g is an n×m matrix (i.e. vertices × 
edges)

◀ | ▶
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Example (incidence)

Consider the following graph

In[*]:= g = {1 2 2, 2 2 4, 2 2 3, 3 2 4, 1 2 4};
Graph[g, VertexSize → Medium, VertexLabels → Placed["Name", Center]]

Out[*]=

In[*]:= IncidenceMatrix[g] // MatrixForm
Out[*]//MatrixForm=

1 0 0 0 1
1 1 1 0 0
0 1 0 1 1
0 0 1 1 0

To see a bit more clearly what this matrix shows we label the edges of the graph g

Out[*]=

If we now look at the incidence matrix the entries are clear:
Out[*]//TableForm=

1 ) 2 2 ) 4 2 ) 3 3 ) 4 1 ) 4
1 1 0 0 0 1
2 1 1 1 0 0
4 0 1 0 1 1
3 0 0 1 1 0

Here the vertices are not sorted in canonical order, but we can achieve this easily:
Out[*]//TableForm=

1 ) 2 2 ) 4 2 ) 3 3 ) 4 1 ) 4
1 1 0 0 0 1
2 1 1 1 0 0
3 0 0 1 1 0
4 0 1 0 1 1
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Conclusion

◼ So if we store a graph with an adjacency matrix we have  to store n2 Elements, if n denotes the 
number of vertices. For a graph with 100 vertices this is 10 000 Elements (!)

◼ If we store it in an incidence matrix we need n×m elements if in addition m denotes the number 
of edges of this graph. 

◼ So the adjacency matrix is in most cases better, because most often the number of edges is by far 
greater than the number of vertices.

If storing a graph with the help of matrices it is best to use sparse arrays for storing, but most often 
graphs are stored as adjacency-lists ( which is, from the implementationary viewpoint, the same) 
and not in arrays.

Storing graphs in adjacency lists is part of your self study-phases

◀ | ▶
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A cycle - free graph is called a tree.  

Example

◼ So the only restriction a tree has, that it must not have a cycle.

Out[*]=

◼ A tree in information science can be viewed as a graph or as a data structure

◼ a vertex in a tree which is incident to at most one edge is called a leaf

◼ A tree with one special vertex is singled out  called a rooted tree. The special node is called the 
root of the tree

Example

◼ The following (rooted) trees are all different

Out[*]=
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Out[*]=

Out[*]=

◼ In a rooted tree there is always a unique path from the root to every leaf and every node
◀ | ▶
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Nomenclature for tree-elements:

◼ The root is simply called root (who wonders)

◼ the outermost vertices are named “leafs”

◼ all the other nodes are called nodes or inner nodes

In[*]:=

◀ | ▶
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Traversing Trees

◼ Given a rooted tree there are several ways one can walk through the nodes of the tree.

◼  Mainly there are three different ways to visit all the nodes recursively

◼ left branch - root - right branch : inorder traversal

◼ root - left branch - right branch : preorder traversal

◼ left branch - right branch - root : postorder traversal

One application is how one can store and visualize an arithmetic expression

Example

Let’s have a look on a simple arithmetic expression:

In[*]:= temp = 3 (4 x + y) + 2

Out[*]= 2 + 3 (4 x + y)

Here is how the expression is stored internally:

In[*]:= FullForm@temp

Out[*]//FullForm= Plus[2, Times[3, Plus[Times[4, x], y]]]

It is more easy to view this as a tree:

In[*]:= TreeForm@temp
Out[*]//TreeForm=

Plus

2 Times

3 Plus

Times

4 x

y

◀ | ▶
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Examples of Tree - Traversals

Out[*]=

Out[*]=

Out[*]=

◀ | ▶
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Isomorphisms of Trees

It is also in general difficult to decide whether two trees are identical (isomorphic). The following 
trees are all the same

Out[*]=

Algorithm for isomorphic trees

◼ Fortunately there is an algorithm to calculate quite efficiently whether two trees are isomorphic 
or not

◼ The algorithm is based on the “code” of a tree

◼ This code is calculated recursively as follows. Let T be a rooted tree

◼ Then the code for T is denoted by < T >

◼ If T is a single node then the code of T is < T > := 01

◼ If T has the branches B1, B2, ... Bn ordered lexicographically, then the code is

< T > := 0 < B1 > < B2 > ... < Bn > 1

According to this procedure one can calculate a code for a given tree, and the following holds:

If the code of the trees T1 and T2 are identical then T1 and T2 are isomorphic

◼ There is one more problem left: How can we find the root of the tree T, to prepare it for coding?

◼ There is a simple algorithm to find the root (center) of the tree:

◼ first we cut off all leaves of the tree. Then we have two cases:

◼ A: there is only one node left

◼ B: there are two nodes left

◼ In case A we determine < A >

◼ In case B we determine: < T > := 0 < B1 > < B2 > 1, where B1 and B2 are the trees with the two last 
nodes found in case B as root 

◀ | ▶
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Weighted Graphs

◼ Given a graph G = (V , E) with vertices v1, ... vn and edges {e1, ... em} one can assign a “weight” 
wμ to each of the edges.

◼ This is extremely useful in modelling e.g. distances or costs for the “way” from one vertex to 
another

Consider the following graph

In[*]:= Clear[grv];
grv = Graph @ {1 2 2, 2 2 3, 2 2 4, 3 2 5, 1 2 3, 3 2 4, 4 2 5};
Graph[grv, defOptions ]

Out[*]=

Now assigning weights to the edges:

In[*]:= Do[PropertyValue[{grv, e}, EdgeWeight] = Min @(List @@ e), {e, EdgeList[grv]}]

Out[*]=

To represent the weights in the data structure used to store the graph in the memory of a computer 
one uses one of the usual techniques and adds the weight to the appropriate edge. As an example 
we look at the adjacency Matrix of this graph:
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In[*]:= WeightedAdjacencyMatrix@grv // MatrixForm
Out[*]//MatrixForm=

0 1 1 0 0
1 0 2 2 0
1 2 0 3 3
0 2 3 0 4
0 0 3 4 0

We can easily calculate the total weight of this graph, note that we have to take the half of the total 
sum of weights

In[*]:= (Total @ Flatten @WeightedAdjacencyMatrix@grv) / 2

Out[*]= 16

Now we can ask for the minimal spanning tree of this graph. This is a tree as a sub-graph of this 
graph that “spans” the graph, i.e. connects all vertices and has minimal weight with respect to the 
edge weights.

Out[*]=

The total weight of the MST is (we sum up the weights in the original graph for all edges that belong 
to the MST).

In[*]:= Total @ Table[PropertyValue[{grv, e}, EdgeWeight], {e, EdgeList@mst}]

Out[*]= 7

◀ | ▶
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Applications

Given a (weighted) graph G that represents a (traffic) network, and let the weights at the edges be 
the costs to maintain the corresponding part of the network. Then one can minimize the costs for 
maintenance without loosing the reachability of each vertex when reducing the network to the 
minimal spanning tree of this network

In[*]:= g = PetersenGraph[5, 2];
list = EdgeList@g;
list = list /. x_ 2 y_ ⧴ Property[x 2 y, EdgeWeight → RandomInteger[20]];
Graph[list, EdgeLabels → "EdgeWeight", defOptions,
EdgeLabelStyle → Directive[Red, Bold, 16],
GraphLayout → "SpringElectricalEmbedding", ImageSize → Large]

Out[*]=

The corresponding MST looks like this: 
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Out[*]=

The calculated tree is indeed a tree:

In[*]:= Graph[mst]

Out[*]=

◀ | ▶
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Algorithms for finding MST

There are several algorithms for finding MST mentioned in the literature. We introduce here the two 
most common algorithms: The algorithm of Kruskal and the algorithm of Prim.
Let

G = (V , E)

be a graph consisting of a set of vertices V  and a set of edges E ⊂ V ×V  

Kruskal´s algorithm

◼ The algorithm starts with the set V , without taking into account any edges

◼ Sort the edges in ascending order according to their weight

◼ Insert an edge with minimal weight into the graph

◼ if the (new) graph has a cycle: drop the edge and take another one, else repeat the insertion process

◼ if all vertices are connected the algorithm terminates

As we see, this algorithm is quite simple. It belongs to the category of so called “greedy” algorithms, 
due to the fact that the algorithms always chooses the “cheapest” edge.
The time-complexity of Kruskal´s algorithm is O(5E6 log2 5E6). Make yourself aware that this is 

true!
◀ | ▶
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Prim´s algorithm

The algorithm of Prim is comparable with Kruskal´s approach but somewhat different:

◼ The algorithm starts at an arbitrary vertex v of the graph, let T be the set of nodes in the MST.

◼ Initialize T = ∅

◼ Take the edge e with minimum cost which is incident to the vertex v

◼  If the set of nodes T with the edges inserted so far is cycle free: Insert the edge in the MST, 
otherwise drop the edge

◼ Repeat this step until all nodes of G are elements of T

◼ The algorithm terminates with a MST of G
◀ | ▶
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Given a graph g one of the first problems that arise is finding a path “through” this graph form a 
vertex “start” to a vertex “end”. So given our dodecahedron graph:

dodecahedron

In[*]:= Graph[dodecahedron, VertexSize → Large,
VertexLabels → Placed["Name", Center], VertexStyle → {7 -> Green, 20 -> Red}]

Out[*]=

What if we want to find a way from the vertex 7 to 20? Clearly in such a small graph we see solu-
tions, but what about calculating them?

There are basically two different approaches:

◼ From the starting point: 

◼ visit all neighbors of the actual vertex 

◼ then go to one of the neighbors and visit all of the neighbors of that vertex

◼ or

◼ visit the neighbor and then

◼ go deeper to the neighbor of the neighbor and so on

The first is called Breath-First-Search (BFS) the second Depth-First-Search (DFS). Clearly the path 
one gets traveling the graph in BFS or DFS depends on how the graph is stored in the machine. 

So finding a path from node 7 to 20 we can perform either a DFS or a BFS and look when we “visit” 
the desired node.

◀ | ▶
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BFS

If we perform a BFS on the dodecahedron graph, starting with vertex 7 the vertices are visited in the 
following way:

In[*]:= Graph[dodecahedron, VertexSize → Large,
VertexLabels → Placed["Name", Center], VertexStyle → {7 -> Green, 20 -> Red}]

Out[*]=

'

In[*]:= Clear[visitTree];
visitTree = BreadthFirstScan[dodecahedron,

7, {"PrevisitVertex" → (Print["now at ", #] &)}];
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now at 7

now at 3

now at 11

now at 16

now at 14

now at 19

now at 5

now at 12

now at 1

now at 8

now at 9

now at 17

now at 2

now at 6

now at 15

now at 4

now at 10

now at 13

now at 20

now at 18

The function BreadthFirstScan delivers a list of vertices which form a tree the shows how (when) 
the vertices are visited:

Out[*]=

◀ | ▶
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DFS

Doing the same with the depth-first-search we obtain the following (here we extract the vertex 
number in the sequence they are visited):

In[*]:= Clear[visitTree];
visitTree =

DepthFirstScan[dodecahedron, 7, {"PrevisitVertex" → (Print["now at: ", #] &)}]

now at: 7

now at: 3

now at: 14

now at: 1

now at: 15

now at: 4

now at: 8

now at: 12

now at: 6

now at: 2

now at: 5

now at: 11

now at: 19

now at: 17

now at: 9

now at: 10

now at: 18

now at: 13

now at: 20

now at: 16

Out[*]= {14, 6, 7, 15, 2, 12, 7, 4, 17, 9, 5, 8, 18, 3, 1, 8, 19, 10, 5, 18}

Now we can look at the corresponding tree of visited nodes. Attention: The node 16 is the last node 
that was visited!
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In[*]:= tree = TreeGraph[VertexList@dodecahedron, visitTree, VertexSize → Large,
VertexLabels → Placed["Name", Center], VertexStyle → {7 -> Red}]

Out[*]=

Now, this output of the tree is “unusual”, but shows, that it could be quite difficult to decide 
whether two trees are indeed the same. But we can make the graphical representation of this tree 
more “usual”. We therefore have to use another function to plot the tree

◀ | ▶
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Plotting the tree with the node 7 (root) at top:

Out[*]=

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

◀ | ▶
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To get the list of visited vertices directly we can use a very special and very useful method in Mathe-
matica, the Reap/Sow command:

Out[*]= {7, 3, 14, 1, 15, 4, 8, 12, 6, 2, 5, 11, 19, 17, 9, 10, 18, 13, 20, 16}

So we get the list of nodes in the order they were visited, notice again the potion of node 16!

Our original problem was finding a path from node 7 to nod 20. So notice the lengths of the so 
found ways:

Out[*]=  7 , 3, 14, 1, 15, 4, 8, 12, 6, 2, 5, 11, 19, 17, 9, 10, 18, 13, 20 , 16

So it is clear that this path is not optimal in sense of visited nodes. The same holds for a BFS:

Out[*]=  7 , 3, 11, 16, 14, 19, 5, 12, 1, 8, 9, 17, 2, 6, 15, 4, 10, 13, 20 , 18

So we have to look for better ways finding paths in graphs. But the BFS and DFS are methods which 
can be used in a wide range to answer the question whether a path from one node to another 
exists. 

◀ | ▶
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The methods DFS and BFS are sufficient to answer the question:

Is there a way from node x to node y?

In practice this is not enough, one wants not only to know whether there is a way but one wants to 
find a shortest way from a starting node to an end node. When dealing with programming lan-
guages one can find a shortest path by brute-force methods like:

In[*]:= short = With[
{allPaths = FindPath[dodecahedron, 7, 20, ∞, All]},
Select[allPaths, Length[#] ⩵ Min[Length /@ allPaths] &]

]

Out[*]= {{7, 16, 8, 4, 20}, {7, 11, 12, 6, 20}}

In[*]:= allPaths = FindPath[dodecahedron, 7, 20, ∞, All];

In[*]:= Length@allPaths

Out[*]= 748

So we have to shortest paths in this graph leading from 7 to 20

Out[*]=

But a brute-force attack is not good for larger graphs. In this quite small graph we have 748 paths 
from node 7 to 20!
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But a brute-force attack is not good for larger graphs. In this quite small graph we have 748 paths 
from node 7 to 20!

In[*]:= Length @ FindPath[dodecahedron, 7, 20, ∞, All]

Out[*]= 748

◀ | ▶
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Shortest Path Trees

Given a graph G a shortest path tree of G with root s is a spanning tree T of G such that the path 
distance of s to any vertex v of T is the shortest path distance from s to v in G.

Example

Let G be given as

Out[*]=

A shortest path tree, starting at node 1, is the following tree (dotted lines)

Out[*]=

◀ | ▶
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The Algorithm of Dijkstra

Precondition for the algorithm of Dijkstra

There is no closed path in the graph with a negative length

If there is such a path in the graph one can shorten a path in  this graph by choosing this circle ever 
and ever again.

The Dijkstra Algorithm implements a so called “wave-front” strategy. Let the graph g be given as 
(V , E) and v0 ∈ V  the start-node. The set PERM denotes the set of permanently marked nodes and is 
initially set to be the empty set.

◼ Set PERM := ∅ 

◼ Initialize an array d to store the distance from v0 to vi in d[i]

◼ Set the distance to the start-node to zero 

◼ Set all other distances to ∞

◼ then do while PERM ≠ V :

◼ if there are nodes in V ∖PERM chose an element with minimal distance to the other nodes in PERM 
out of this set

◼ calculate for all unmarked nodes the distance to PERM

◼ if the distance is less than the former calculated distance update the distance

Example

Given the following graph, we are searching the shortest path to the vertices starting from vertex 1

Out[*]=

If we perform this algorithm on the graph we get the following results
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Out[*]=

i

alg〚1 ;; 7, All〛

In[*]:= alg // TableForm
Out[*]//TableForm=

PERM 1 2 3 4 5
∅ 0 ∞ ∞ ∞ ∞
{1} 0 4 ∞ ∞ 1
{1,5} 0 3 7 4 1
{1,2,5} 0 3 5 4 1
{1,2,4,5} 0 3 5 4 1
{1,2,3,4,5} 0 3 5 4 1

◀ | ▶
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Example

We look up all words in the dictionary beginning with the String “game”:

In[*]:= words = DictionaryLookup["game*"]

Out[*]= {game, gamecock, gamecocks, gamed, gamekeeper, gamekeepers,
gamely, gameness, gamer, gamers, games, gamesmanship, gamesmen,
gamest, gamester, gamesters, gamete, gametes, gametic}

Now we build a graph where every word is connected with an edge to words in a distance of at 
most 3:

Out[*]=

So what is the shortest path from “gamer” to “gamekeeper” along connected words?
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Out[*]=

◀ | ▶
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An application is the search (and finding) of a shortest tour passing all nodes in a graph. We look at 
the list of larger cities in Germany (a city is considered large, when it has more than 100 000 
inhabitants):

In[*]:= cities = CityData[{Large, "Germany"}]

Out[*]=  Berlin , Hamburg , Munich , Cologne , Frankfurt , Stuttgart , Düsseldorf , Essen ,

Dortmund , Bremen , Dresden , Hanover , Leipzig , Nuremberg , Duisburg ,

Bochum , Wuppertal , Bielefeld , Bonn , Mannheim , Karlsruhe , Wiesbaden ,

Munster , Gelsenkirchen , Augsburg , Mönchengladbach , Aachen , Chemnitz ,

Brunswick , Krefeld , Halle , Kiel , Magdeburg , Oberhausen , Freiburg ,

Lübeck , Erfurt , Rostock , Mainz , Hagen , Kassel , Hamm , Saarbrucken ,

Herne , Mulheim , Ludwigshafen , Osnabrück , Solingen , Leverkusen ,

Oldenburg , Potsdam , Neuss , Heidelberg , Paderborn , Darmstadt ,

Regensburg , Würzburg , Ingolstadt , Göttingen , Recklinghausen , Heilbronn ,

Ulm , Wolfsburg , Pforzheim , Bottrop , Offenbach , Bremerhaven , Remscheid ,

Furth , Reutlingen , Moers , Salzgitter , Koblenz , Siegen , Bergisch Gladbach ,

Cottbus , Erlangen , Trier , Hildesheim , Gera , Jena , Witten 

next we get the coordinates of the cities

In[*]:= coords = CityData[#, "Coordinates"] & /@ cities; coords // Short

Out[*]//Short= {{52.52, 13.38}, {53.55, 10.}, 1782, {50.93, 11.58}, {51.44, 7.34}}

For displaying the locations of the cities on a map we have to reverse the coordinates

In[*]:= coordsReverse = Reverse /@  coords;

Now we determine the shortest tour:

In[*]:= {tourLength, tour} =

FindShortestTour[coordsReverse, DistanceFunction → GeoDistance]

Out[*]=  4747.98 km , {1, 76, 11, 28, 13, 31, 80, 81, 37, 33, 63, 29, 72, 79, 12, 59, 41, 54, 18,

74, 73, 22, 39, 5, 66, 55, 20, 46, 53, 61, 57, 77, 69, 14, 56, 58, 3, 25, 62, 70, 6,
64, 21, 35, 43, 78, 27, 26, 30, 52, 7, 71, 15, 45, 34, 65, 8, 24, 60, 44, 16, 48,

49, 4, 19, 75, 68, 17, 82, 40, 9, 42, 23, 47, 50, 67, 10, 2, 32, 36, 38, 51, 1}

Now we get the path for the shortest tour
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In[*]:= path = coordsReverse[[tour]]

Out[*]= {{13.38, 52.52}, {14.33, 51.77}, {13.74, 51.05}, {12.92, 50.83}, {12.4, 51.35},
{11.96, 51.48}, {12.08, 50.88}, {11.58, 50.93}, {11.03, 50.99},
{11.62, 52.13}, {10.78, 52.43}, {10.51, 52.27}, {10.33, 52.17}, {9.95, 52.16},
{9.73, 52.4}, {9.92, 51.53}, {9.48, 51.32}, {8.74, 51.72}, {8.53, 52.03},
{8.01, 50.87}, {7.6, 50.35}, {8.23, 50.08}, {8.26, 50.}, {8.68, 50.12},
{8.77, 50.1}, {8.64, 49.87}, {8.47, 49.5}, {8.44, 49.48}, {8.69, 49.42},
{9.22, 49.14}, {9.94, 49.8}, {11.01, 49.6}, {10.98, 49.48}, {11.05, 49.45},
{12.11, 49.02}, {11.43, 48.77}, {11.58, 48.14}, {10.89, 48.36},
{9.97, 48.4}, {9.21, 48.49}, {9.19, 48.79}, {8.69, 48.89}, {8.4, 49.},
{7.85, 47.99}, {6.97, 49.25}, {6.63, 49.75}, {6.09, 50.77}, {6.42, 51.2},
{6.55, 51.33}, {6.69, 51.2}, {6.79, 51.24}, {6.65, 51.45}, {6.75, 51.43},
{6.86, 51.43}, {6.86, 51.47}, {6.93, 51.53}, {7., 51.47}, {7.11, 51.51},
{7.19, 51.61}, {7.21, 51.54}, {7.2, 51.48}, {7.06, 51.18}, {6.99, 51.04},
{6.97, 50.95}, {7.1, 50.73}, {7.15, 50.98}, {7.19, 51.18}, {7.18, 51.26},
{7.34, 51.44}, {7.46, 51.37}, {7.48, 51.51}, {7.8, 51.67}, {7.62, 51.96},
{8.05, 52.28}, {8.21, 53.15}, {8.58, 53.55}, {8.81, 53.08}, {10., 53.55},
{10.12, 54.32}, {10.66, 53.87}, {12.1, 54.09}, {13.07, 52.4}, {13.38, 52.52}}

This is a list of coordinates to be visited when on the shortest tour. Finally we make a visualization:
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In[*]:= Graphics[{Gray, CountryData["Germany", "Polygon"], Thick, Green ,
Line[Reverse[path]], Red, PointSize[Medium], Point /@ path}]

Out[*]=
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◀ | ▶

Init 

In[167]:= packingMethods = {"ClosestPackingCenter", "ClosestPacking",
"Layered", "LayeredLeft", "LayeredTop", "NestedGrid"};

In[168]:= defOptions = {VertexSize → Medium, VertexLabels → Placed["Name", Center],
VertexLabelStyle → Directive[Larger, Bold],
VertexStyle → LightBlue, GraphLayout -> "SpringElectricalEmbedding"};

In[169]:= graphLayouts =

{"SpringElectricalEmbedding", "SpringEmbedding", "HighDimensionalEmbedding",
"CircularEmbedding", "RandomEmbedding", "LinearEmbedding"};

In[170]:= mGraphPlot[edges_List, options___] :=
Module[{rules}, (* plots a graph from a list of edges *)

rules := edges /. {x_, y_} ⧴ Rule[x, y];
GraphPlot[rules, FilterRules[options, Options[GraphPlot]]]

]

In[171]:= mLayeredGraphPlot[kanten_List, options___] :=
Module[{rules}, (*Plotet einen Graphen aus einer Liste *)

rules := kanten /. {x_, y_} ⧴ Rule[x, y];
LayeredGraphPlot[rules, FilterRules[options, Options[GraphPlot]]]]

In[172]:= ClearAll[highlighVertexDegree];
highlighVertexDegree[g_, vd_, opts___] :=

(* from the Mathematica help system *)

HighlightGraph[g,
Table[Style[VertexList[g]〚i〛,

ColorData["TemperatureMap"][vd〚i〛 / Max[vd]]], {i, VertexCount[g]}],
Evaluate@FilterRules[opts, Options[HighlightGraph]]];
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In[174]:= ClearAll[highlighVertexCentrality];
highlighVertexCentrality[g_] := Module[{

degCentrality = DegreeCentrality[g],
max,
vertexList = VertexList[g]

},
max = Max[degCentrality];
HighlightGraph[g,
Table[Style[VertexList[g]〚i〛, ColorData["TemperatureMap"][

degCentrality〚i〛 / max]], {i, VertexCount[g]}]]
]

In[176]:= crossing = ;

In[177]:= imageInorderTraversal = ;

In[178]:= imagePreTraversal = ;

In[179]:= imagePostorderTraversal = ;

In[*]:=
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